Abstract. We study minimal energy interpolation and discrete and penalized least squares approximation problems on the unit sphere using nonhomogeneous spherical splines. Several numerical experiments are conducted to compare approximating properties of homogeneous and nonhomogeneous splines. Our numerical experiments show that nonhomogeneous splines have certain advantages over homogeneous splines. [7] ) are well suited for scattered data interpolation/approximation problems. The spherical spline functions have many properties in common with classical polynomial splines over planar triangulations. Moreover, many spline interpolation and approximation methods for planar scattered data problems have analogues in spherical setting [2] .
Introduction.
Contemporary research in atmospheric sciences, geodesy, and geophysics requires the use of global data heterogeneously distributed in space around Earth. For spherical data interpolation/approximation, tensor products of univariate splines are not a good choice, since data locations are not usually spaced over a regular grid. Radial basis functions are not good candidates either, since the data values may have no rotational symmetry.
Spherical Bernstein-Bézier splines (introduced in [1] and studied in [2] and [7] ) are well suited for scattered data interpolation/approximation problems. The spherical spline functions have many properties in common with classical polynomial splines over planar triangulations. Moreover, many spline interpolation and approximation methods for planar scattered data problems have analogues in spherical setting [2] .
One of the disadvantages of using homogeneous spherical splines is that spline spaces of even and odd degrees have only zero function in common due to homogeneity of the basis. More explicitly, the spline space S To overcome this disadvantage we propose a simultaneous employment of two spaces S r d (Δ) and S r d−1 (Δ), with one degree even and the other odd. A direct sum of two spline spaces forms the larger nonhomogeneous spherical polynomial spline space proposed by [10] . A simple structure of the resulting spline space allows us to use methods developed for homogeneous splines in nonhomogeneous spline spaces. The spline solution obtained via minimization over the larger space has in general higher accuracy. In addition, spherical nonhomogeneous splines reproduce spherical nonhomogeneous polynomials.
In this paper we establish existence and uniqueness of homogeneous and nonhomogeneous spherical spline approximations. Moreover, we show how the use of a powerful iterative algorithm [4] solving special linear systems leads to efficient computation of spherical splines of arbitrary degree and smoothness.
The paper is organized as follows. In section 2 we discuss homogeneous spherical polynomials and then introduce nonhomogeneous spherical polynomials. We review properties necessary for the implementation of the computational algorithms which are presented in sections 3, 4, 5. In section 3 we describe a minimal energy (ME) interpolation method using both homogeneous and nonhomogeneous splines. We discuss discrete and penalized least squares spline approximation algorithms in sections 4 and 5. In each section we start with a description of the method, follow with a computational algorithm, and end with numerical examples. Some examples are designed to demonstrate advantages of nonhomogeneous splines over homogeneous. In addition, we solve real world data fitting problems and offer visual evaluation of the solutions. One potential application of the development of spherical splines is in the investigation of inverse problems arising in geophysics. Using heterogeneously distributed satellite measurements from new satellite gravity missions such as GRACE (Gravity Recovery and Climate Experiment) [14] we aim to obtain an alternative representation of Earth's gravity field and a more realistic description of the geopotential.
Preliminary.
In this section we review several basic concepts, outline some properties of spherical splines, explain computational algorithms for scattered data interpolation and fitting, and present a numerical iterative technique for implementation of the algorithms. All the material in this preparatory section can be found either in [1] and [2] or in [4] .
Let us define spherical Bernstein-Bézier polynomials first. We begin with a concept of homogeneity. A trivariate function f (v) is homogeneous of degree d if
Let H d denote the space of trivariate homogeneous polynomials of degree d. That is, 3 be a nondegenerate spherical triangle; i.e., assume that the area on the unit sphere bounded by the great circular arcs connecting v 1 and v 2 , v 1 and v 3 , and v 2 and v 3 is not zero. Let b 1 (v), b 2 (v), and b 3 (v) be the spherical barycentric coordinates of a point v ∈ S 2 , i.e.,
Linear independence of vectors v 1 , v 2 , and v 3 ∈ R 3 imply that the b i 's are uniquely determined. Clearly, the b i 's are linear functions of v. It was shown in [1] that the set 
is called a homogeneous spherical Bernstein-Bézier (SBB)-polynomial of degree d.
Due to this special representation, many properties of SBB polynomials are analogous to those of classical planar Bernstein-Bézier polynomials [1] . However, evaluating integrals of spherical polynomials is considerably more difficult than in the planar setting. All integrals needed for our algorithms have to be evaluated numerically.
Let us now define nonhomogeneous spherical polynomials. It was shown in [10] that H d ⊕H d−1 restricted to the unit sphere is identical to the space P d of all trivariate polynomials of degree d restricted to the unit sphere. Therefore the set {B
We can express a nonhomogeneous spherical polynomial p in terms of SBB-basis functions as
With this definition it is easy to see that evaluating (de Casteljau's algorithm), taking derivatives, and computing integrals of homogeneous polynomials can be easily adapted for nonhomogeneous polynomials.
We are now ready to define spherical splines. Given a set V of points on the unit sphere S 2 we can form a triangulation Δ, which may be a triangulation of a spherical domain on S 2 or of the entire sphere. We will assume that Δ is regular in the sense that any two triangles either do not intersect each other or share their common vertex or their common edge. Let
be the spherical spline space of degree d and smoothness r ≥ −1. Here
The space of nonhomogeneous spherical splines is defined as
In general, we know neither the dimension of S r d (Δ) nor the construction of locally supported basis functions such as finite elements for arbitrary d and r. However, the lack of understanding of the dimension and construction of locally supported basis functions of general spline spaces does not prevent us from using them for scattered data interpolation and fitting. It is one of the purposes of this paper to show how to use spherical splines of arbitrary d and r with d > r for scattered data interpolation and fitting. The crucial step in the process is to solve a singular linear system arising from the application of the Lagrange multipliers method [2] to the minimization. The linear system has a form which is explained later in detail:
It is necessary to derive a computational algorithm to efficiently obtain the vector c containing coefficients of the spline solution. We use the following iterative method [4] :
. . , where > 0 is a fixed number, e.g., = 10 −4 , λ ( ) is an iterative solution of a Lagrange multiplier coefficient vector with λ 0 = 0, and I is the identity matrix. The above matrix iterative steps can in fact be rewritten as follows:
with c (0) = 0. Note that the size of the above linear system is much smaller than the original. The iterations converge very quickly as shown in the following theorem. In our numerical experiments, a few iterations (less than 10) often suffice. A general convergence theorem is proved in [4] . To state the convergence result, we need the following definition. We need to find a spline function s ∈ S r d (Δ) interpolating f at V. In general such a spline is not unique. A typical way to use extra degrees of freedom is to minimize a functional E(s) measuring smoothness of s. In [2] the energy functional
was used, where Δ * is the Laplace-Beltrami operator, μ is the Lebesgue measure on S 2 , and the integral in (3.1) is taken over the unit sphere. Note that the LaplaceBeltrami operator annihilates constants only. We propose an alternative functional motivated by Sobolev-type seminorms defined in [12] . Let 
and therefore D α f 1 = 0 as well. Hence f 1 is a polynomial of degree at most 1. Since it is a homogeneous linear function, f 1 must be a homogeneous linear polynomial on R 3 . Therefore by the uniqueness of homogeneous extensions, f is a linear homogeneous polynomial on τ . A similar proof works for δ = 0. The other direction follows trivially from definition (3.2) . Let
be the set of all splines in S r d (Δ) interpolating f at the vertices of triangulation Δ. Let s f ∈ Γ(f ) denote a spherical spline minimizing (3.2) over Γ(f ). Proof. Since d ≥ 3r + 2, Γ(f ) is not empty [3] . There exists an ME spline s f interpolating f since Γ(f ) is a nonempty closed convex set. To prove uniqueness suppose there exists q f ∈ Γ(f ) minimizing E δ , i.e., E δ (s f ) = E δ (q f ). Since E δ (s f + νs) achieves its minimal value at ν = 0 over s ∈ Γ(0), we have
Lemma 3.2. Suppose that Γ(f ) is not empty. There exists a unique spline
Therefore,
and by Lemma 3.2 s f − q f ≡ 0. This completes the proof.
To develop ME interpolation using nonhomogeneous splines, we fix integers d ≥ 1 and r ≥ 0 and recall that N We define an energy functional which annihilates nonhomogeneous linear polynomials as well as constants and homogeneous linear polynomials
with 0 < λ < 1. Proof. The proof follows from Lemma 3.4 as in the proof of Theorem 3.3.
Computational algorithms.
In this section we explain how to compute ME spherical interpolating splines. We use a coefficient vector c := (c 
for the vertices of each triangle τ ∈ Δ. We assemble interpolation conditions into a matrix K, according to the order of the coefficient vector c. Then Kc = F is the linear system of equations such that the coefficient vector c corresponds to a spline s interpolating f at the data sites V.
To ensure the C r continuity across each edge of Δ, we impose smoothness conditions which can be found in [1] . Let M denote the smoothness matrix such that Mc = 0 if and only if s ∈ S r d (Δ).
Next fix δ = d mod (2) . Define the energy matrix E by E = diag(E τ , τ ∈ Δ). Each block E τ is associated with a triangle τ and contains the entries
where B i denotes a SBB-polynomial basis function (2.2) of degree d corresponding to the order of the linearized triple indices (i, j, k), i
The problem of minimizing (3.2) over S r d (Δ) can be formulated as follows: Minimize c T Ec subject to Mc = 0 and Kc = F.
Using the method of Lagrange multipliers, we must solve the linear system
Here γ and η are vectors of Lagrange multiplier coefficients. We obtain the least square solution to the singular linear system above using the iterative method discussed in section 2. Lemma 3.2 implies that E is symmetric and positive definite with respect to
By Theorem 2.2, the iterative method converges to the vector c, which is the coefficient vector of the unique interpolating spline minimizing (3.2). This furnishes a computational algorithm. . We denote interpolation, smoothness and energy matrices by K 1 , K 0 , M 1 , M 0 , E 1 , E 0 correspondingly. Therefore interpolation conditions for s arẽ
For s to be smooth we require both s 1 and s 0 to be smooth. The C r smoothness conditions for s areMc
With definition (3.3) it is clear that the energy matrix in this case is defined bỹ As in the case of homogeneous splines, the linear system is singular. However, by Lemma 3.4 we have the following. Thus by Theorem 2.2, the application of the iterative scheme allows us to successfully obtain its numerical solution.
3.3.
Numerical experiments with ME splines. In this section we present several examples on scattered data interpolation using the ME method.
Example 3.1. Let Δ 1 be the triangulation of the entire sphere based on six vertices (1, 0, 0), (0, 1, 0), (0, 0, 1), (−1, 0, 0), (0, −1, 0), and (0, 0, −1) and consisting of eight triangles. We sample 1, x + z and z + 1 at the six vertices, and compute ME spline interpolants in spherical spline spaces S 
are computed based on the errors at 5120 points w almost evenly spaced over S 2 and reported in Table 3 .1. Note that not only linear and constant homogeneous polynomials are reproduced in N 1 4 (Δ), but a nonhomogeneous polynomial z + 1 is reproduced as well. In Figure 3 .1 we present a visualization of the results of the last column of Table 3.1. It was shown in [1] that spherical linear functions are spheres through the origin. As expected from the table, the first two surfaces are not spheres. 
The initial triangulation is Δ 1 . The triangulation Δ 2 is obtained by bisecting the edges of Δ 1 and splitting each triangle into four subtriangles. Similarly we obtain uniform refinements Δ 3 and Δ 4 . Each time, we evaluate the spline interpolant at 5120 almost evenly spaced points w and list maximal relative errors Table 3 .3 demonstrate that on finer triangulations nonhomogeneous splines approximate the original function f better than homogeneous splines. Example 3.4. This is an example of scattered data spline interpolation. We are given 868 points in R 3 (courtesy of Thomas Grandine at Boeing). We translate the point cloud so that its center coincides with the origin and project translated points onto the unit sphere. The projections give us locations on the sphere surface and the distances between the origin and translated points give us corresponding experimental function values. The locations on the sphere are triangulated, and the ME homogeneous cubic and quartic splines are computed as well as nonhomogeneous quartic splines. In Figure 3 .2 we present one of the solutions together with the translated point cloud.
Example 3.5. We present an example of scattered data interpolation over the Earth. We are given a satellite data set of simulated geopotential values (in m 2 /s 2 ) observed by the gravity mission satellite, CHAMP [13] , along its orbit for two days. The data collected amount to 5760 values. The CHAllenging Mini-satellite Payload (CHAMP) is a German geoscience satellite, launched on July 15, 2000, with a cir- • . The simulated geopotential values are computed using a global geopotential model, EGM96 [11] . In Figure 3 .3 we show the set of CHAMP scattered potential values which are normalized by the radius of the Earth and plotted over the unit sphere. The minimal energy homogeneous spherical interpolatory spline surface is shown in Figure 3 .3 (right). It is clear that the spherical spline interpolates the given data and produces a reasonable fitting of the given geopotential values.
Discrete least squares fitting.

Existence and uniqueness.
When the given data set is extremely large, e.g., n ≥ 10,000, and highly redundant, it is suitable to find a discrete least squares (DLS) fitting to the given data instead of computing an interpolating spherical spline. The DLS approximation problem in S r d (Δ) can be described as follows. Let V = {v , = 1, . . . , n} be the given data sites over S 2 and Δ be a triangulation whose vertices may not relate to the data locations. For a given degree d, we assume that the data sites are rich enough in the following sense. Suppose that the given data values are from a function f , i.e., f (v ) =: f , = 1, . . . , n are given. The least squares functional is defined by Proof. Recall that any s ∈ S r d (Δ) can be written as for all v ∈ τ.
It follows that
Since the data sites are evenly distributed with respect to d, the matrix To show uniqueness of the solution c f , we assume that there exist two solutions c f and c f . The convexity of L implies that for any 0 ≤ ν ≤ 1 a convex combination
for any 0 ≤ ν ≤ 1. Since this expression is independent of ν, we have
Since the data sites are evenly distributed over Δ, c f = c f . For nonhomogeneous spherical splines DLS approximation can be treated similarly. We seek a function s = s 1 Proof. The proof is similar to the proof of Theorem 4.2.
Computational algorithms.
We first explain a computational algorithm for the DLS fit in S r d (Δ). The Lagrange multipliers method leads to the linear system
where L is the observation matrix with entries L ij = B j (v i ), i = 1, . . . , n, and j runs from 1 to #τ (d + 1)(d + 2)/2, where #τ denotes the number of triangles in Δ.
Here, F is a vector of function values ordered as the spherical points v , = 1, . . . , n, M is the C r smoothness matrix, and η is a vector of Lagrange multipliers. The least squares solution of this system is a vector c of coefficients of a homogeneous spline s of degree d and smoothness r defined with respect to the spherical triangulation Δ minimizing (4.1).
To 
where F contains given data values and η is a vector of Lagrange multiplier coefficients. Proof. Ifc TLTLc = 0, thenLc = 0. ThenLc| τ = 0 for every τ ∈ Δ, whereL| τ is of full rank and thereforec = 0.
Note that similar considerations apply to the homogeneous case; i.e. it is easy to see that the matrix L T L is positive definite with respect to Mc = 0. Hence Theorem 2.2 can be applied to find the DLS fittings in both homogeneous and nonhomogeneous spherical spline spaces.
Numerical experiments with DLS splines.
The following are examples of DLS approximation on the sphere.
Example 4.1. First we conduct experiments similar to the ones for ME splines in S Table 4 .2.
Example 4.3. We continue working with the data in Example 3.5. Recall Δ 1 is a triangulation based on six vertices and eight triangles as in Examples 3.1, 3.2, and 4.1. Then Δ 1 is refined uniformly twice to obtain Δ 2 and Δ 3 . For each triangulation we compute DLS spline solutions in the spaces S 
where λ is a positive weight and
Here the DLS and ME functionals are as defined in (4.1) and (3.2), respectively. It is clear that for large λ 1, s f is close to ME splines, and for small λ 1 the solution s f is close to the DLS spline. One way to choose λ is by the cross validation method [15] . We choose a small value for λ to get a good approximation, such as that of the DLS fitting which in the planar setting has high approximation power [9] . 
be the coefficient vector of s. Recall that the energy functional E(s) can be expressed in terms of c as
with the entries of E defined in (3.4) . The DLS functional L(s) is expressed as
with f = (f , = 1, . . . , n) being the vector of data values. Thus
Note that
Let us show that A is a bounded and closed set so that the continuous function P λ (s) has a minimum in A.
Fix c ∈ A and let s be the corresponding spline. Then
. By the definition of P λ we must have λE δ (s) ≤ f 2 2 . By Lemma 10 in [6] and Lemma 3.9 in [5] the energy of a spline is equivalent to the square of its second order Sobolev seminorm on every triangle of Δ and all norms of a spline on each triangle are equivalent; i.e., we have
with C 1 , C 2 depending on degree d of the spline space and the smallest angle in τ . Let r τ denote the center of the smallest spherical cap containing τ . Let T τ be a plane tangent to τ at r τ . Defineτ in this plane as a set of points {w :
to be a homogeneous extension of s of degree δ ands δ to be its restriction toτ . Similarly define f δ andf δ . By Proposition 2.26 in [5] 
for C 6 = max{|v | δ : v ∈ τ } ≤ 1/ cos(1/2) and i = 1, 2, 3. For any pointv inτ we need to show thats δ (v) is bounded. Use Taylor expansion to get
Using similar expressions forv 2 andv 3 we get
Solving this linear system for ∇s δ , we get
where Aτ denotes the area ofτ . Using these estimates for ∇s δ we get
Hence we use (5.3) and (5.4) to get
with C 8 depending on the size of τ . By the definition,
is bounded since |v| ≥ 1 and |τ | is bounded. By the stability of SBB-basis [12] , c is bounded, and hence A is a bounded set. Since A is closed, it is compact. By the definition, P λ (s) is a continuous function of c and therefore P λ attains its minimum in A.
To show uniqueness of the minimizer s f suppose there existsŝ f with P λ (s f ) = P λ (ŝ f ). Since P λ is a convex functional for any 0 ≤ ν ≤ 1,
On the other hand, since P λ achieves minimum value at s f , 
Hence, we must have Here P = L T L+λE and f is a vector of function values ordered as the spherical points v , = 1, . . . , n, M is a smoothness matrix, and η is a vector of Lagrange multiplier coefficients. The solution of this system is a vector c of coefficients of a homogeneous spline s of degree d and smoothness r defined over the spherical triangulation Δ minimizing (5.2). Note that the linear system is of the same form as the one in section 2. We use the iterative scheme to compute an approximation of c.
Computational algorithms. We first consider PLS fitting in S
To find the PLS spline in N r d (Δ) we construct the observation matrixL and smoothness conditionsMc = 0 as in the setting of DLS splines. We also assemble the energy matrices E 1 and E 0 and solve the linear system
whereP in this case isL
Corollary 5.3. The matrixP is positive definite with respect toMc = 0.
Proof.c TPc = 0 implies thatc TẼc = 0. Therefore P λ (s) = 0 implies that s is a linear polynomial. L(s) = 0 as well, and therefore s interpolates f = 0 at every vertex of Δ. Hence s = 0 and so isc = 0.
Note that considerations of Corollary 5.3 apply to the homogeneous case, and therefore we can efficiently obtain homogeneous PLS spline solutions as well. Example 5.1. Note that for PLS fit we require the data at the vertices of a triangulation to be given. To deal with this requirement we modify the triangulation Δ 1 by replacing its vertices by points in V closest to them. Denote the new triangulation byΔ 1 . After refiningΔ 1 we again may not have the values of geopotential values available at the vertices of the refined triangulation. We replace these vertices by the points in V closest to them where values of geopotential are available. We call this new triangulationΔ 2 . Similarly we obtainΔ 3 . That is,Δ i+1 is not exactly a uniform refinement ofΔ i . For each triangulation we compute PLS spline solutions in the spaces S 
